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Abstract
The subject of this talk is the theory of transport processes be-

tween quantum mechanical reservoirs. We focus on thermoelectric
phenomena that includes exchange of particles and energy between
two fermionic reservoirs at different temperatures and chemical poten-
tials in a steady-state [1]. We show that in some cases the entropy
production rate is not only non-negative but strictly positive. The
talk will focus on physical measurable quantities and the proofs will
only be sketched or be presented during the talk.

1 Introduction

We are interested in simple transport processes, such as those observed near
a spatially localized thermal contact or tunnelling junction between two
macroscopically extended metals at different temperatures or chemical po-
tential. The aim is to find expressions for e.g. the energy current, charge
transport or the rate of entropy production. Part of the purpose is also
proving the convergence to a non-equilibrium steady-state using scattering
endomorphisms. We will describe the reservoirs according to quantum me-
chanics. We first define what we mean when we talk about a reservoir and
make some first assumptions. In a next step, two reservoirs are connected
and a local perturbation in the generator of the dynamics is introduced.
Then we will try to connect our knowledge with thermodynamics and find
that the entropy production rate of our system is non-negative. Our next
assumption is the existence of a scattering endomorphism which tells us that
stationary states in the thermodynamic limit (TDL) exist. This assumption
is proven in a later chapter for two reservoirs of fermions which are coupled
through a local interaction. As a first example we will look at reservoirs
of non-interacting fermions and find that, under certain assumptions, an
equilibrium state exists for non-negative temperature. Our next task will
be to sketch the proof of the existence of a scattering endomorphism and its
consequences. In the last section we will explicitly calculate resistance, the
Onsager reciprocity relations and currents.
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2 General theory of junctions and of non-equilibrium
stationary states

2.1 Quantum theory of reservoirs

In this section we are interested in general properties of quantum mechanical
reservoirs. Later we will consider a specific example where all the assump-
tions we will make are verified. A reservoir is a quantum system with many
degrees of freedom (superconductor, gas of atoms) but with a small number
of observable physical quantities. Our system is confined to a finite region
Λ ⊂ R3 of real space. Pure states are unit rays in a separable Hilbert space
HΛ, mixed states correspond to density matrices. Its dynamics is generated
by a selfadjoint Hamiltonian HΛ. The C∗-algebra AΛ defines the kinematics
of the system and is a subset of B(HΛ), the algebra of all bound operators on
HΛ. The time evolution (in the Heisenberg representation) of any operator
a ∈ AΛ is given by

αΛ
t (a) = eitH

Λ
ae−itHΛ

with the assumption that this time evolution is in AΛ again. We set ~ = 1
in this paper.
We represent conservation laws by selfadjoint operators Qj on HΛ where
1 ≤ j ≤ M . These conserved charges commute with each other, HΛ and
elements of AΛ. More precisely, one assumes that all operators eitH

Λ
and

eisjQΛ
j commute with one another for arbitrary values sj ∈ R, j = 1, . . . ,M .

A gauge transformation of the first kind is defined by

ϕΛ
s (a) = eisQΛ

ae−isQΛ

for a ∈ B(HΛ) and s ·QΛ =
∑M

j=1 sjQ
Λ
j . By a simple calculation one finds

that
αΛ

t [ϕΛ
s (a)] = ϕΛ

s [αΛ
t (a)],

which means that the time evolution and the gauge transformation com-
mute. We define the observable algebra AΛ as the algebra of all the opera-
tors a ∈ B(HΛ) which are gauge invariant, which means ϕΛ

s (a) = a.
We know that thermal equilibrium is described by a density matrix

Z−1e−β[HΛ−µQΛ]

where β = 1
T is the inverse temperature, µ the chemical potential (conjugate

to the conservation laws) and Z = ZΛ
β,µ the grand canonical partion function

given by

Z = tr(e−β[HΛ−µQΛ])
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where tr(.) means the trace. The expectation value of a ∈ B(HΛ) in equi-
librium in terms of the density matrix is

ωΛ
β,µ(a) = Z−1tr(e−β[HΛ−µQΛ]a).

The expectation value has some interesting properties. The expectation
value is time-translation invariant, ωΛ

β,µ(αΛ
t (a)) = ωΛ

β,µ(a), it obeys the KMS
condition and in particular, if a ∈ AΛ then ωΛ

β,µ(αΛ
t (a)b) = ωΛ

β,µ(bαΛ
t+iβ(a)).

Let’s now turn to the task of defining of what we need in the thermodynamic
limit. We want to understand the asymptotics of physical quantities. We
let Λ, the physical space, increase to R3 or to an infinite half-space such
that the ratio between surface and volume goes to zero. We introduce an
operator algebra Fr, called the field algebra, convenient for the description
of the thermodynamic limit of a reservoir:

Fr =
∨

Λ→∞
B(HΛ)

i.e. the algebra is generated by all the operators in the increasing sequence
of the bound algebra B(HΛ). The superscript r stands for reservoir (labeled
with 1 and 2 later).

Definition. A group {τt|t ∈ Rn} of homomorphism of F is a *automor-
phism group of F iff for all a ∈ F

τt=0(a) = a, τt(τt′(a)) = τt+t′(a) and τt(a)∗ = τt(a∗).

For the purposes of this paper we need to make some assumptions on
the existence of the thermodynamic limit. The first two are

Assumption 1 (Existence of the TDL of the dynamics and the
gauge transformations). For every operator a ∈ Fr, we assume that the
following two limits exist

n− lim
Λ→∞

αΛ
t (a) =: αt(a)

n− lim
Λ→∞

ϕΛ
s (a) =: ϕs(a)

and define *automorphism groups of the field algebra.

We can now look at the kinematical algebra AΛ, the algebra of ob-
servables, as the largest subalgebra of F pointwise invariant under gauge
transformations.

Assumption 2 (Existence of the TDL of the equilibrium state). For
every operator a ∈ Ar,
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lim
Λ→∞

ωΛ
β,µ(a) =: ωβ,µ(a)

exists and is time-translation invariant.

2.2 Thermal contacts and tunnelling junctions

After we have defined all properties of a reservoir we now can consider two
reservoirs with all the properties of the previous section. An example of
such a system is two ordinary metals located in two complementary half-
spaces of our physical space. We will write ”1” resp. ”2” when the system
(1,Λ1) resp. (2,Λ2) is meant. The Hilbert space of the system is given
by H = H1 ⊗ H2 and the dynamics before the reservoirs are brought into
contact is generated by H0 := H1 ⊗ 1 + 1 ⊗ H2. The algebra of bounded
operators of finite coupled systems is given by B(H1) ⊗ B(H2) and in the
TDL is F1 ⊗F2. We describe a contact or tunnelling junction between the
two reservoirs in terms of a perturbated generator of the coupled dynamics
H. The operator H has the following form:

H = H0 +W (Λ1,Λ2)

where the operator W is bound and selfadjoint. We will always require the
following assumption (we write 1, 2 →∞ for Λ1 →∞,Λ2 →∞) :

Assumption 3 (Existence of the TDL of the contact interaction).
The norm limit

n− lim
1,2→∞

W (Λ1,Λ2) =: W

exists as a selfadjoint operator in the field algebra.

Let αΛ1

t and αΛ2

t be the time evolution of the reservoirs before they are
brought into contact. Then the time evolution of the whole system is given
by αΛ1

t ⊗αΛ2

t and is generated by the Hamiltonian H0. After the interaction
W has been turned on, the time evolution is given by α1∪2

t (a) = eitHae−itH

with H the perturbed Hamiltonian H0. From our assumptions it follows
that the TDL for the time evolution in both cases exist [1]; i.e. for the
connected system we get

αt(a) := n− lim
1,2→∞

α1∪2
t (a)

and for the uncoupled system

α0
t (a) := n− lim

1,2→∞
αΛ1

t ⊗ αΛ2

t (a).

We now have a look at two different cases of contacts.
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Thermal contacts

First we will consider the contact to be thermal, i.e. the perturbation W
commutes with all conservation laws and is therefore gauge invariant. So
the conservation laws QΛ1

j of the first reservoir becomes a conserved charge
QΛ1

j ⊗ 1 of the connected system (similarly 1 ⊗ QΛ1

j a conserved charge
for the second reservoir). Due to our first assumption, the TDL for the
gauge transformation exists. Taking our third assumption we obtain that
ϕ1

s(W ) = ϕ2
s(W ) = W .

Tunnelling junctions

Next we look at tunnelling junctions. Let there be m < min(M1,M2) linear
combinations RΛ1

1 , . . . , RΛ1

m and RΛ2

1 , . . . , RΛ2

m of conservation laws of the two
reservoirs with the property that the operators Q1∪2

j = RΛ1

j ⊗ 1 + 1 ⊗ RΛ2

j

are conservation laws for the perturbed dynamics for every j. Without
loss of generality we can chose the m conservation laws of each reservoir
to be the first m conservation laws QΛi

1 , . . . , Q
Λi

m for i = 1, 2. Setting
s = {s1, . . . , sm, 0 . . . , 0} we define the gauge transformation for the cou-
pled system

ϕ1∪2
s (a) := ϕΛ1

s ⊗ ϕΛ2

s (a)

and by assumption one

ϕs(a) := n− lim
1,2→∞

ϕ1∪2
s (a).

Tunnelling junctions can then be characterized by the requirement that
ϕ1∪2

s (W (Λ1,Λ2)) = W (Λ1,Λ2) and we obtain in the TDL that ϕs(W ) = W .
Thermal contacts can only exchange energy, tunnelling junctions ’charge’ as
well.
Our next task is to find expressions for the energy and charge current, from
the point of view of quantum mechanics. We will make the discussion for
finite systems, and then take the thermodynamic limit of well defined quan-
tities.

Energy current

We are interested in the gain of internal energy per second and introduce an
operator P r(t) which is conveniently defined in the Heisenberg picture by

P r(t) :=
d

dt
α1∪2

t (Hr).

We obtain after some straightforward calculations that

P r(t) = iα1∪2
t ([W (Λ1,Λ2),Hr]),
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and further
P r(t) = − d

ds
αt(αr

s(W ))|s=0.

The operator corresponding to the energy gain per second of reservoir r has
a thermodynamic limit, where αr

s is the time evolution of reservoir r in the
TDL, in the absence of any contacts. It follows directly (by applying the
formulas before) that the total gain of energy is given by

P 1(t) + P 2(t) = − d

dt
α1∪2

t (W (Λ1,Λ2)) (1)

and in the TDL we obtain

P 1(t) + P 2(t) = − d

dt
αt(W ).

The first notation is for finite systems, the second for infinite systems.

Charge current for tunnelling junctions

We expect that the total gain of charge will be zero in a connected system;
charge lost by one reservoir has to be gained by the other. Similar to the
previous section we introduce an operator Ir(t) corresponding to a mea-
surement of the gain of charge Qr per second at time t, in reservoir r. It is
defined as

Ir(t) :=
d

dt
α1∪2

t (Qr) = iα1∪2
t ([H,Qr])

with Q1 = QΛ1 ⊗ 1 and Q2 = 1⊗QΛ2
. Since

H = H1 ⊗ 1 + 1⊗H2 +W (Λ1,Λ2)

and since H1 ⊗ 1 and 1⊗H2 commute with Qr, it follows that

Ir(t) = iα1∪2
t ([W (Λ1,Λ2), Qr])

and in TDL
Ir(t) = −i d

ds
αt([ϕr

s(W )])|s=0.

We are interested in the total gain of charge of the connected system. Similar
to the arguments of the energy gain we obtain

I1(t) + I2(t) = iα1∪2
t ([W (Λ1,Λ2), Q1∪2]) = 0. (2)

This can be transformed to the TDL and tells us that the charge lost by one
reservoir is gained by the other one, as expected.

6



2.3 Connections with thermodynamics

We want to find the connection between what we already observed and the
knowledge of thermodynamics. What we will find in this section is that
the entropy production rate is non-negative. Let’s start with the first and
second laws of thermodynamics summarized in the following equation

dUΛr
= T rdSΛr

+ µrdqΛr − prdV r

where U is the expectation value of the Hamiltonian H in a state of a reser-
voir. The differential ’d’ indicates that we only look at small and reversible
changes of U , S, etc. If we open a contact between two reservoirs the equa-
tion has a time dependency and the previous equation becomes

U̇Λr
= T rṠΛr

+ µrq̇Λr − prV̇ r, (3)

where dots indicate time derivatives. According to what we’ve found in the
previous section we can write the energy and charge gain per second when
the two systems are coupled as

U̇Λr
= ω1∪2(P r(t))

q̇Λ
r

= ω1∪2(Ir(t)).

As we are interested in the change of entropy per second of reservoir r, we
rewrite Eq. (3) and obtain

ṠΛr
= βr(U̇Λr − µrq̇Λr − prV̇ r),

where we set β to the inverse temperature. Our main task is to investigate
the entropy production rate, which is defined as

e1∪2 := ṠΛ1
+ ṠΛ2

Since e1∪2 describes in the TDL the entropy production rate of a thermo-
dynamic system, it should be non-negative. We will proof this now.

Positivity of entropy production

We look at the situation in which the state of the system, consisting of two
reservoirs, before the contact is opened, is given by

ω1∪2(a) = ωΛ1

β1,µ1 ⊗ ωΛ2

β2,µ2(a)

where the ωΛr

βr,µr are the equilibrium states already defined and a ∈ A1∪2. At
some time t0 the contact between the two reservoirs is opened. We are inter-
ested in the evolution of the state ω1∪2 under the perturbed time evolution
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and therefore the gain/loss of charge/energy and the entropy production
rate.

U̇Λr
= iω1∪2(α1∪2

t ([W (Λ1,Λ2),Hr]))

and
q̇Λ

r
= iω1∪2(α1∪2

t ([W (Λ1,Λ2), Qr
j ])).

By Assumption 2 (existence of the TDL of the equilibrium state), the state
ω1∪2(a) has a thermodynamic limit ω0(a). Then we also can define a TDL
for U̇Λr

and q̇Λ
r

as

Ur(t) := lim
1,2→∞

U̇Λr
(t) = − d

ds
ω0(αt(αr

s(W )))|s=0

and
Qr(t) := lim

1,2→∞
q̇Λ

r
(t) = − d

ds
ω0(αt([ϕr

s(W )]))|s=0.

By Eq. (1) and Eq. (2) we find that

U1(t) + U2(t) = − d

dt
ω0(αt(W ))

and
Q1(t) +Q2(t) = 0.

Now we’d like to study the entropy production rate for finite reservoirs. The
density matrix is defined as

ρr = Z−1e−β[Hr−µrQr ],

corresponding to the equilibrium state for reservoir r. By fixing the volume
V , we can write the entropy production rate as follows

ṠΛr
= βr(U̇Λr − µrq̇Λr

)

= − d

dt
ω1∪2(α1∪2

t (ln ρr))

= − d

dt
tr(ρ1 ⊗ ρ2α1∪2

t (ln ρr)).

and by definition of the entropy production rate

Ṡ1∪2 := e1∪2(t) = − d

dt
tr(ρ1 ⊗ ρ2α1∪2

t (ln ρ1 ⊗ ρ2)) (4)

We know that Ur(t) and Qr(t) have a TDL, so the TDL for the entropy
production rate has to exist and

e(t) =
∑

r=1,2

βr[Ur − µr · Qr(t)].
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By integrating Eq. (4) in time we obtain

S1∪2(t)− S1∪2(0) = −tr(ρ1 ⊗ ρ2[α1∪2
t (ln ρ1 ⊗ ρ2)− ln ρ1 ⊗ ρ2]).

If A is a non-negative matrix and B is a strictly positive matrix then

−tr(A lnB −A lnA) ≥ tr(A−B).

A proof of this can be found in [2]. Setting A = ρ1⊗ρ2 and B = α1∪2
t (ρ1⊗ρ2)

we obtain

S1∪2(t)− S1∪2(0) ≥ tr(ρ1 ⊗ ρ2 − α1∪2
t (ρ1 ⊗ ρ2)) = 0

by the unitarity of time evolution and the cyclicity of the trace. Then, by
integrating the entropy production rate, we find that the overall production
is non-zero

1
T

∫ T

0
e1∪2(t)dt =

1
T

(S1∪2(T )− S1∪2(0)) ≥ 0.

If the limit limt→∞ e(t) =: e exists then we get in the TDL

e = lim
T→∞

1
T

∫ T

0
e(t)dt ≥ 0.

We will show in Chapter 5 that we even have strict positive entropy pro-
duction using a Dyson series expansion.

2.4 Existence of stationary states in the TDL

We will now turn to the task of studying whether the infinite-volume states
ωt(a) := ω0(αt(a)) have a limit as t goes to infinity. The state ω0 is in-
variant under the unperturbed time evolution α0

t and therefore ωt(a) :=
ω0(α0

−t(αt(a))). We don’t have to find the limit of ωt itself. It’s sufficient
for the existence of a stationary limiting state ωstat(a) = limt→∞ ωt(a) that
there is a

Assumption 4 (Existence of scattering endomorphisms). For all a,
the limits

σ±(a) = n− lim
t→±∞

α0
−t(αt(a))

exist and define *endomorphisms of F , i.e., σ± are homomorphisms of F
with the property that σ±(a)∗ = σ±(a∗).

We only note that scattering endomorphisms do not exist in finite vol-
ume.
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One can show that the energy gain rates and currents of two very large, but
finite reservoirs are well approximated by the energy gain rates

− d

ds
ωstat(αr

s(W ))|s=0

and the currents
− d

ds
ωstat([ϕr

s(W )])|s=0

respectively, for a large range of sufficiently large, but not exceedingly large
times t.

2.5 Return to equilibrium and non equilibrium stationary
states

We consider a system of one reservoir first. If ρ is an arbitrary state normal
relative to an infinite-volume equilibrium state ω = ωβ,µ on Fr then

lim
T→∞

1
T

∫ T

0
dtρ(αt(a)) = ω(a).

This is the property of return to equilibrium. Now suppose that the prop-
erty of return to equilibrium holds for each reservoir separately. Then
one can show that for any state ρ normal relative to the state ω0(a) =
lim1→∞,2→∞ ω1∪2(a) the following limit holds

lim
t→∞

ρ(α0
t (a)) = ω0(a),

where α0
t is the time evolution of the reservoirs before they are coupled. This

equation and the existence of a scattering endomorphism σ+ imply that

lim
t→∞

ρt(a) = lim
t→∞

ρ(αt(a))

= lim
t→∞

ρ(α0
t (σ+(a)))

= ω0(σ+(a))
= ωstat(a). (5)

So the states ρt tend to the stationary state ωstat, as t→∞.

2.6 Three more assumptions

We consider two increasing reservoirs joined together by a thermal contact
or a tunnelling junction localized near the origin x = 0.

Assumption 5 (Existence of space translations). For each reservoir
there exists a *automorphism group {τx|x ∈ R3} of the field algebra F ,
representing space translations of R3 on F .
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For the system of coupled reservoirs, the direct product τx = τ1
x ⊗ τ2

x

defines a representation of space translations.

Assumption 6 (Asymptotic abelianness of space translations and
homogeneity of reservoirs). The action of τx is norm-continuous in x
and for all operators a and b,

lim
|x|→∞

||[τx(a), b]|| = 0.

The dynamics and the equilibrium states of the uncoupled reservoirs are
homogeneous, in the sense that α0

t (τx(a)) = τx(α0
t (a)) and ω0(τx(a)) =

ω0(a).

It is then possible to show that due to the local nature of the perturbation
W

lim
|x|→∞

||αt(τx(a))− α0
t (τx(a))|| = 0

for all times t. This relation tells us that observables localized far from the
junction evolve according to the non-interacting dynamics.

Assumption 7 (Properties of the scattering endomorphism). The
limits

n− lim
t→±∞

α0
−t(αt(τx(a))) = σ±(τx(a))

are uniform in x for every a ∈ F .

This implies that far from a junction, the stationary state ωstat resembles
the product state ω0 of the uncoupled reservoirs.
The validity of Assumption 7 critically depends on the dimension of the
reservoir. In dimension d > 2, this assumption can be expected to hold,
while it usually fails in dimension d = 1, 2.

3 Reservoirs of non-interacting fermions

We have developed the quantum mechanical theory of two coupled reser-
voirs of free non-relativistic fermions in the previous chapter so we can now
apply this theory for a class of simple, but physically important examples
of reservoirs. This examples describe a quantum gas of non-interacting,
non-relativistic electrons or an ideal quantum gas of fermionic atoms or
molecules. We will construct the Fock space, creation and annihilation op-
erators, particle number operator and charge operators. We will see that for
a family of reservoirs with certain properties, the equilibrium states exist
for non-negative temperature.
We start by considering a system consisting of a single, non-relativistic
quantum-mechanical particle confined to a region Λ ⊂ R. The Hilbert space
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of pure state vectors is the space of square-integrable functions L2(Λ, ddx)
with support in Λ. We have to consider that the particle could have spin
and/or there are several species of particles. Then we have to extend our
Hilbert space to L2(Λ, ddx) ⊗ Ck with k =

∑r
i=1(2Si + 1), where Si is the

spin of species i and r is the number of different species. The free and
non-relativistic one-particle dynamics is generated by a selfadjoint operator

tΛ = − ~2

2M
∆⊗ 1 = −∆⊗ 1

where we set M = 1
2 for convenience.

The next step is to consider a system of n identical particles, all confined to
the region Λ. The state space of these n particle is given by a direct product

hΛ
n := P±(hΛ)⊗n, hΛ

0 = C,

where P± determines the subspace of the wave functions of the selected
symmetry. P± is an orthogonal projection from the state space into a sub-
space e.g. if the particles are fermions (which we consider in this paper),
P− projects onto the completely anti-symmetric n-particles wave functions,
while for bosons P+ projects onto the completely symmetric n-particles wave
functions. The Hamiltonian of non-interacting particles is given by

TΛ
n =

n∑
j=1

1⊗ · · · ⊗ tΛj ⊗ · · · ⊗ 1

where tΛj acts on the jth factor in the state space.
As the number of particles can fluctuate, the description of the system is
conveniently described in second quantization. Our defined state space is
confined to n particles so we define the Fock space by

HΛ :=
∞⊕

n=0

hΛ
n

and the dynamics on the Fock space is generated by

HΛ :=
∞⊕

n=0

TΛ
n .

We define a particle number operator by

NΛ :=
∞⊕

n=0

n · 1|n

where 1|n means that it acts only on the space hΛ
n . We need unbounded and

selfadjoint charge operators to be defined and therefore

QΛ(l) := QΛ =
∞⊕

n=0

KΛ
n
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with

KΛ
n =

n∑
j=1

1⊗ · · · ⊗ (1⊗ lj)⊗ · · · ⊗ 1

where l is a symmetric k× k matrix acting on Ck and 1⊗ lj acts on the jth

factor of the tensor product defining hΛ
n .

As we said before, we want to introduce annihilation and creation opera-
tors. We define x,y, . . . as points in physical space and s = 1, . . . , k labels
an orthonormal basis in Ck. Vectors in the n-particle state space can be
represented as square-integrable wave functions fn(x1, s1, . . . ,xn, sn) which
for fermions is totally anti-symmetric under permutations of their n argu-
ments. Vectors ψ in the Fock space correspond to sequences ψ = (fn)∞n=0 of
the n-particle wave functions. According to Quantum Mechanics the scalar
product on HΛ is defined by

〈ψ, φ〉 :=
∞∑

n=0

∑
s1,...,sn

∫
Λ

n∏
j=1

dxjfn(x1, s1, . . . ,xn, sn)gn(x1, s1, . . . ,xn, sn)

where φ = (gn)∞n=0. The vector represented by the sequence (fn)∞n=0, with
f0 = 1 and fn = 0 for all n > 0 is denoted by Ω and is called the vacuum
vector. By defining this vacuum vector we can now construct a creation
operator which acts on the vacuum vector and creates a state. Similarly,
we can act with an annihilation operator on a state until our state is the
vacuum vector. Let D be the linear domain of vectors ψ = (fn)∞n=0 in HΛ

with the property that all but finitely many fn’s vanish. So we can define
an annihilation operator a(f) of f by

(a(f)ψ)n(x1, s1, . . . ,xn, sn) :=
√
n+ 1

k∑
s=1

∫
Λ
dxf(x, s)fn+1(x1, s1, . . . ,xn, sn)

for any ψ and a(f)Ω = 0. The creation operator a∗(f) is defined to be the
adjoint of a(f) and is also well defined on D.
We know from Quantum Mechanics that for fermions the following anticom-
mutation relations hold

{a#(f), a#(g)} = 0

{a(f), a∗(g)} = (f, g) · 1

for arbitrary f , g in hΛ, a# = a or a∗, {A,B} = AB + BA and (f, g) :=∑
s

∫
Λ dxf(x, s)g(x, s) is the scalar product on hΛ. The creation and anni-

hilation operators are formally

a(f) =
∑

s

∫
Λ
dxf(x, s)a(x, s),
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a∗(f) =
∑

s

∫
Λ
dxa∗(x, s)f(x, s),

with {a(x, s), a∗(x′, s′)} = δss′δ
(d)(x − x′). One can easily see that the

operators a(f) and a∗(f) are bounded in norm by

||a(f)|| = ||a∗(f)|| = ||f || :=
√

(f, f).

Note that for bosons the two operators are unbounded.
In terms of the creation and annihilation operators, the operators HΛ, NΛ

and QΛ can be expressed as follows:

HΛ =
∑

s

∫
Λ
dxa∗(x, s)(tΛa)(x, s),

NΛ =
∑

s

∫
Λ
dxa∗(x, s)a(x, s)

and
QΛ =

∑
s,s′

∫
Λ
dxa∗(x, s)ls,s′a(x, s′).

From now on we usually regard NΛ = QΛ(l = 1) to be the only conserva-
tion law. The next theorem is the main result of this section and tells us
something about equilibrium states and when they exist

Theorem. For tΛ = −∆⊗1 and QΛ
j = QΛ

j (lj), j = 1, . . . ,M , with l1, . . . , lM
arbitrary, commuting k × k matrices, the equilibrium states ωΛ

β,µ exist for
arbitrary β ≥ 0 and µ ∈ R.

The proof of this theorem can be found, for example, in [2].
We introduce the following notation

X := (x, s, r) ∈ Rd × {1 . . . k} × {1, 2},

X(N) := (X1 . . . XN ),

x(N) := (x1 . . .xN ) ∈ RdN ,

s(N) := (s1 . . . sN ) ∈ {1 . . . k}N ,

r(N) := (r1 . . . rN ) ∈ {1, 2}N ,∫
Λ
dX =

∑
r=1,2

k∑
s=1

∫
Λ
dx,

∫
ΛN

dX(N) =
N∏

j=1

∫
Λ
dXj ,
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a#(XN ) :=
∏

a#(XN ).

We now can go into describing the interaction, W (Λ1,Λ2) corresponding to
a thermal contact or tunnelling junction between the two reservoirs. We
assume that the total particle number of the system of the two reservoirs
is conserved. The interaction Hamiltonian W (Λ1,Λ2) must commute with
the operator N1∪2 := NΛ1 ⊗ 1 + 1 ⊗ NΛ2

. It follows that the interaction
Hamiltonian must have the form

W (Λ1,Λ2) =
∞∑

N=1

WN (Λ1,Λ2),

where

WN (Λ1,Λ2) =
∫

ΛN

dX(N)

∫
ΛN

dY (N)a∗(X(N))wΛ1,Λ2

N (X(N), Y (N))a(Y (N))

where wn is always a smooth function.
A system of two reservoirs of non-interacting fermions, as we considered in
this section, satisfies Assumptions (A1)-(A3) and (A5), (A6).

4 Existence of a scattering endomorphism

Our next goal is to prove the existence of scattering endomorphisms for two
reservoirs of free non-relativistic fermions coupled through spatially localized
interactions in d ≥ 3. The reservoirs are infinite and without boundary, and
the coupling is localized near the origin. We assumed in the first chapter
that the time evolutions α0

t for the free dynamics and αt for the dynamic of
the coupled system exist in the TDL (see [2]). We define W (t) := α0

−t(W )
and can write the Dyson series for α0

−tαt as

α0
−tαt =

∞∑
m=0

im
∫

t>tm>···>t1>0
dt1dt2 . . . dtm[W (tm), . . . , [W (t1), a] . . . ].

Since we assume that ||W || <∞, the convergence of the series for finite t is
clear. But we want to consider t → ∞. We define the operator Dm(t) on
the field algebra F as

Dm(t)a :=
∫

t>tm>···>t1>0
dt1dt2 . . . dtm[W (tm), . . . , [W (t1), a] . . . ]

where D0a = a. Before we can state the theorem we have to define two
norms, one for the interaction and one for vectors in the Fock space. The
norm of an interaction W is defined as
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||W ||′ =
∑
N≥1

N2(d+2)N
k∑

s1,...,sN=1

k∑
s′1,...,s′N=1∑

r1,...,rN=1,2

∑
r′1,...,r′N=1,2

||wN ((·, sN , rN ), (·, s′N , r′N ))||′2dN (6)

where wN is a function on R2dN , and the norm || · ||′M is defined as

||f ||′M =
1

23M/2
[
∫

RM
dx(M)f(x(M)

M∏
k=1

(− d2

dx2
k

+ x2
k + 1)3f(x(M))]

1
2 .

Now we are ready for the main theorem of this chapter.

Theorem. For d ≥ 3, we have the following bound∫ ∞

0
||[W (t), Dm−1(t)a]||dt ≤

1
m

(
8πd
d− 2

)m||a||′(||W ||′)m.

We can also write the Dyson series for negative times (in reverse time
ordering) and integrate from −∞ to 0 to see a similar statement for negative
times. The proof of this theorem can be found in [1], we only roughly sketch
it.

Proof. Rewrite the interaction in the basis of Hermite functions (they are
an orthonormal basis in L2(R)). Then it follows that we can rewrite the
integral as∫ ∞

0
||[W (t), Dm−1(t)a]||dt ≤

∑
Q0...QM

∫
t>tm>···>t1>0

dt1dt2 . . . dtm

[WQm(tm), . . . , [WQ1(t1), aQ0 ] . . . ]. (7)

The subscript Qi means that we have written the quantities in Hermite
functions. Rewriting the interaction in this basis makes it easier to estimate
the multicommutator in the integral.

What we are interested in is the following

Corollary. If 8πd
d−2 ||W ||′ < 1, there exists σ± such that

lim
t→±∞

||α0
−tαt − σ±(a)|| = 0

for all a with ||a||′ <∞.

This implies the existence of the scattering automorphism (A4).
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Proof. As one can easily see

α0
−tαt = a+

∑
m≥1

im
∫ t

0
||[W (s), Dm−1(s)a]||ds.

For t < t′ so we can write

||α0
−tαt − α0

−t′αt′ || = ||
∑
m≥1

im
∫ t′

t
[W (s), Dm−1(s)a]||

and with the triangular inequality we obtain

||α0
−tαt − α0

−t′αt′ || ≤
∑
m≥1

∫ t′

t
||[W (s), Dm−1(s)a]||ds.

As t, t′ → ∞ the integral has to vanish because of the theorem and the
dominated convergence theorem.

5 Calculations

We’d like to do some explicit calculations for a system of two reservoirs of
non-interacting non-relativistic free spinless fermions. The explicit calcu-
lations will be done in Fourier space as the dynamics t = −∆ is diagonal
there. This means we had to transform the coupling, all operators, creation
and annihilation operators into Fourier space (This is not done explicitly in
this paper. Assume we have already the step from physical space to Fourier
space). The Fourier transformed of a operator a is denoted by â. For each
reservoir we will take the particle number to be the only conservation law.
For tunnelling junctions the interaction W commutes with the total particle
number operator, N ⊗ 1 + 1⊗N , while for thermal junctions, W commutes
separately with N ⊗ 1 and 1⊗N . In our calculations we are only interested
in leading orders so we introduce two coupling constants a and b and set

W = a
∞∑

N=1

bNWN .

Let Qk,l, Uk,l denote the term of order akbl of the particle current Q and
the energy current U . Accordingly we define ek,l where e is the entropy
production rate.
First we are interested in the consequences of the lowest order particle and
energy current, where we will restrict to the case of the tunnelling junction.
One can show that the first non vanishing order of the particle and energy
current is of order (2, 2) and of the form

Q2,2 = 2π
∫

R2d

dkdlδ(|k|2 − |l|2)|ŵ1((−k, 2), (l, 1))|2(ρ2(k)− ρ1(k))

17



and

U2,2 = 2π
∫

R2d

dkdl|k|2δ(|k|2 − |l|2)|ŵ1((−k, 2), (l, 1))|2(ρ2(k)− ρ1(k))

where k, l ∈ R2d,ŵ is the Fourier transform of w, and the function ρi(k) is
defined as ρi(k) = 1

eβi(|k|2−µi)+1
. Let’s assume that ŵ1 is not identically zero

(which would mean that there’s no interaction), then the above formulas
show the following qualitative behavior of the flows.

• If the temperature and the chemical potential are equal, (β1, µ1) =
(β2, µ2), then the flows vanish U2,2 = Q2,2 = 0.

• If µ1 = µ2 and β1 < β2 then ρ2(k) − ρ1(k) > 0 for all k. So the
particle and energy flow are positive what means that there is particle
and energy flow from the hotter to the colder reservoir.

• If µ1 > µ2 and β1 = β2 then ρ2(k)−ρ1(k) < 0 for all k. Consequently
the flows are negative what means that at constant temperature, there
is a particle and energy flow from the reservoir with higher chemical
potential to the reservoir with the lower chemical potential.

The resistance of the junction

Suppose both reservoirs have the same temperature, β1 = β2, and the chem-
ical potentials have a small difference µ1 = µ, µ2 = µ+ ∆µ, with ∆µ small.
As we are only interested in the leading order of ∆µ the expression of the
particle flow yields

Q2,2 ≈
∆µ

R(µ, β)

where R(µ, β) is the resistance given by

R−1(µ, β) = 2πβ
∫

R2d

dkdlδ(|k|2 − |l|2) |ŵ1((−k, 2), (l, 1))|2eβ(|k|2−µ)

(eβ(|k|2−µ) + 1)2
. (8)

Onsager reciprocity relations

We want to show that the Onsager reciprocity relations hold in lowest order.
Suppose we set β1 = β, β2 = β − ∆β, ν = β1µ1 and ∆ν = β1µ1 − β2µ2.
Then it can be shown that

∂U2,2

∂∆ν
|∆β=∆ν=0 = −∂Q2,2

∂∆β
|∆β=∆ν=0,

which is an Onsager reciprocity relation and it holds at lowest order.
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Entropy production rate

As we have seen, the entropy production rate is given by

e = (β1 − β2)U − (β1µ1 − β2µ2)Q.

One can show that the first non-vanishing order of the entropy production
rate is e2,2 and that for coupled reservoirs e2,2 is strictly positive unless not
both reservoirs have the same temperature and the same chemical potential.
We consider two special cases: First we want to consider a thermal contact
where Q = 0. Then β1 > β2 and therefore U > 0. This means that heat
flows from the hotter to the colder reservoir. This is Clausius’ formulation
of the second law of thermodynamics. The second case to consider is that
of a tunnelling junction with β1 = β2 = β and µ1 > µ2. Then it follows
that −β(µ1 − µ2)Q > 0. So we obtain Q < 0, what means that particles
flow from the reservoir with the higher chemical potential to the one with
the lower potential.

The resistance

We’d now like to calculate the resistance for small and large temperatures.
We assume that µ > 0 holds. For large T we see from formula Eq. (8) the
resistance goes like T . Next we examine the dependence of the resistance
of T , for small T , in three dimensions, and where ŵ1 is a radial function in
both variables. We then have

R−1(µ, β) = 8π3β

∫ ∞

0
drr

|ŵ1((−r, 2), (r, 1))|2eβ(|r|2−µ)

(eβ(|r|2−µ) + 1)2
.

One can show that for T → 0 the resistance is given by

R(µ, β) ≈ 1
f(µ) + π2T 2f ′′(µ)/6

where f = 8π3r|ŵ1((−r, 2), (r, 1))|2.
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